Abstract. The group-scheme of automorphisms of the ten-dimensional exceptional Kac's Jordan superalgebra is shown to be isomorphic to the semidirect product of the direct product of two copies of SL 2 by the constant group scheme C 2 . This is used to revisit, extend, and simplify, known results on the classification of the twisted forms of this superalgebra and of its gradings.
Kac's ten-dimensional superalgebra K 10 is an exceptional Jordan superalgebra which appeared for the first time in Kac's classification [Kac77] of the finite dimensional simple Jordan superalgebras over an algebraically closed field of characteristic 0. It was constructed by Lie theoretical terms from a 3-grading of the exceptional simple Lie superalgebra F (4).
A more conceptual definition was given in [BE02] over an arbitrary field F of characteristic not two (these assumptions on the ground field will be kept throughout the paper ), using the three-dimensional Kaplansky superalgebra K 3 . The even part (K 3 )0 is a copy of the ground field F: (K 3 )0 = Fa, with a 2 = a; while the odd part is a two-dimensional vector space W endowed with a nonzero skew-symmetric bilinear form ( | ). The multiplication is determined as follows: a 2 = a, av = 1 2 v = va, vw = (v|w)a, for any v, w ∈ W . We extend ( | ) to a supersymmetric bilinear form on K 3 : (K 3 )0 and (K 3 )1 are orthogonal, with (a|a) = 1 2 . Then K 10 = F1 ⊕ K 3 ⊗ F K 3 , with (K 10 )0 = F1 ⊕ K 3 ⊗ F K 3 0 = F1 ⊕ F(a ⊗ a) ⊕ (W ⊗ W ), and (K 10 )1 = K 3 ⊗ F K 3 1 = (W ⊗ a) ⊕ (a ⊗ W ). The multiplication is given by imposing that 1 is the unity, and for homogeneous elements x, y, z, t ∈ K 3 ,
If the characteristic is 3, then K 9 := K 3 ⊗ F K 3 is a simple ideal in K 10 . Otherwise K 10 is simple.
It must be remarked that an 'octonionic' construction of K 10 has been given in [RZ15] .
Using the construction above of K 10 in terms of K 3 , the group of automorphisms Aut K 10 was computed in [ELS07] . This was used in [CDM10] to classify gradings on K 10 over algebraically closed fields of characteristic zero.
Our goal here is to compute the group-scheme of automorphisms of K 10 , and to use it to revisit, extend, and simplify drastically, the known results on twisted forms and on gradings on K 10 .
Here we follow the functorial approach (see, for instance, [Wat79] ). An affine group-scheme over F is a representable group-valued functor defined on the category of unital, commutative, associative algebras over F: Alg F . Thus the group-scheme Aut K 10 is the functor Alg F → Grp that takes any object R in Alg F to the group Aut R K 10 ⊗ F R) (the group of automorphisms of the R-superalgebra K 10 ⊗ F R, i.e., the group of R-linear isomorphisms preserving the multiplication and the grading), with the natural definition on morphisms.
It turns out that Aut K 10 is isomorphic to a semidirect product SL 2 × SL 2 ⋊ C 2 (Theorem 1.1), where C 2 is the constant group scheme attached to the cyclic group of two elements (also denoted by C 2 ). This extends the result in [ELS07] .
Moreover, the canonical projection π : Aut K 10 → C 2 induces an isomorphism of pointed sets H 1 F, Aut K 10 → H 1 (F, C 2 ) (Theorem 2.1). This associates to the isomorphism class of any twisted form of K 10 , the isomorphism class of a quadraticétale algebra over F, which allows to get easily the classification of twisted forms of K 10 (Corollary 2.2). Twisted forms of K 10 were classified, in a completely different way, in [RZ03] and [EO00] . We believe that our approach is more natural.
A simple observation shows that SL 2 × SL 2 ⋊ C 2 is also the automorphism group-scheme of K 3 ×K 3 , or of J(W )×J(W ), where J(W ) is the Jordan superalgebra of the 'superform' ( | ) on W = W1 above. That is, J(W )0 = F1, J(W )1 = W and the multiplication is given by
for any x ∈ J(W ), v, w ∈ W . This observation will be used in the proof of the bijection H 1 F, Aut K 10 ≃ H 1 (F, C 2 ). Finally, given an abelian group G, a G-grading on a superalgebra A corresponds to a homomorphism of group schemes
where G D is the Cartier dual to the constant group scheme given by G. (See [EK13] for the basic definitions and facts on gradings.)
The classification of G-gradings up to isomorphism on
is an easy exercise (Proposition 3.2), and it follows at once from this the classification of G-gradings, up to isomorphism, on K 10 (Theorem 3.5), thus extending and simplifying widely the results in [CDM10] .
The group-scheme of automorphisms
Consider the two-dimensional vector space W = (K 3 )1, which is endowed with the nonzero skew-symmetric bilinear form ( | ) : W × W → F. The special linear group-scheme SL(W ) coincides with the symplectic group scheme Sp(W ), which is, up to isomorphism, the group-scheme of automorphisms of K 3 (or of J(W )).
The constant group scheme C 2 acts on SL(W ) × SL(W ) by swapping the arguments, and hence we get a natural semidirect product SL(W )×SL(W ) ⋊C 2 . The group isomorphism Φ in [ELS07, p. 3809] extends naturally to a homomorphism of affine group-schemes:
(Note that a representation of a constant group scheme ρ : G → GL(V ) is determined by its behavior over F:
Theorem 1.1. Φ is an isomorphism of affine group-schemes.
smooth, it is enough to prove that the differential dΦ is bijective (see, for instance
, while the Lie algebra of Aut K 10 is the even part of its Lie superalgebra of derivations, which is again, up to isomorphism, sl(W ) × sl(W ) identified naturally with a subalgebra of End F K 10 (see [BE02, Theorem 2.8]). Moreover, with the natural identifications, dΦ is the identity map.
The last result in this section is the simple observation that SL(W )×SL(W ) ⋊ C 2 is also the group-scheme of automorphisms of the Jordan superalgebra K 3 × K 3 and J(W ) × J(W ). This will be instrumental in the next section. Its proof is straightforward. Proposition 1.2. The natural transformations defined by:
for v, w ∈ W and x, y ∈ K 3 , and
for v, w ∈ W and x, y ∈ J(W ), are isomorphisms of group-schemes.
Twisted forms
The set of the isomorphism classes of twisted forms of K 10 is identified with the pointed set H 1 F, Aut K 10 . (This is H 1 F/F, Aut(K 10 in the notation of [Wat79] .)
The key to the classification of twisted forms of K 10 is the following result:
Theorem 2.1. The canonical projection π : SL(W ) × SL(W ) ⋊ C 2 → C 2 induces a bijection of pointed spaces π * :
Proof. First, the natural section ι : C 2 → SL(W )×SL(W ) ⋊C 2 satisfies π •ι = id, so π * • ι * = id, and π * is surjective. Second, the short exact sequence
induces an exact sequence (see [Wat79, §18.1]) in cohomology:
Since H 1 (F, SL 2 ) is trivial, this gives an exact sequence
but, in principle, this does not prove that π * is a bijection. It just says that the only element in H 1 F, SL(W ) × SL(W ) ⋊ C 2 that is sent by π * to the trivial element in H 1 (F, C 2 ) is the trivial element. Through the isomorphisms in the previous section, it is enough to prove that π induces a bijection of pointed sets π * :
by means of Ψ 2 in Proposition 1.2. Then J0 = F × F, and π corresponds to the restriction map Aut(J) → Aut(J0), and the induced map in cohomology π * : H 1 (F, Aut(J)) → H 1 (F, Aut(J0)) corresponds to the map that takes the isomorphism class of a twisted form H of J to the isomorphism class of H0. If H0 is trivial (H0 ≃ F × F) then, by the above, H is isomorphic to J. Otherwise, H0 is a quadratic separable field extension of F, so that H1 is a two-dimensional vector space over H0, and the multiplication H1 × H1 → H0 is H0-bilinear and anticommutative, and hence uniquely determined. It turns out that H is isomorphic to J(W ) ⊗ F H0. This proves the injectivity of π * .
Corollary 2.2. Any twisted form of K 10 splits after a quadratic separable field extension, and for any such field extension K of F, there is a unique (up to isomorphism) nontrivial twisted form of K 10 which splits over K.
If K is a quadratic separable field extension of F, the unique nontrivial twisted form of K 10 that splits over K corresponds to the nontrivial element in H 1 (K/F, C 2 ), and hence if the Galois group Gal(K/F) is generated by σ (σ 2 = id), this twisted form is given by
where τ is given in (1.1).
Hence, with K = F(α), α 2 ∈ F, σ(α) = −α, so if {u, v} is a symplectic basis of W = (K 3 )1,
Remark 2.3.
• Both K 3 and J(W ) are rigid: any twisted form of any of these superalgebras is isomorphic to it. This is because Aut(
• The proof of Theorem 2.1 shows that the twisted forms of
where K is quadraticétale algebra over F, and any two such forms are isomorphic if and only if so are the correspondingétale algebras.
Gradings
Given an abelian group G, a G-grading on a superalgebra A = A0 ⊕ A1 is a decomposition into a direct sum of subspaces: A = g∈G A g , such that A g A h ⊆ A gh for any g, h ∈ G, and each homogeneous component is a subspace in the 'super' sense of A:
A grading by G is equivalent to a homomorphism of affine group schemes G D → Aut(A) (see [EK13] ), and this shows that two superalgebras with isomorphic groupschemes of automorphisms have equivalent classifications of G-gradings up to isomorphism. Therefore, in order to classify gradings on K 10 it is enough to classify gradings on K 3 × K 3 (or J(W ) × J(W )), and this is straightforward.
Actually, fix a symplectic basis {u, v} of W = (K 3 )1.
Definition 3.1. Given an abelian group G, consider the following gradings (e denotes the neutral element of G):
• For g 1 , g 2 ∈ G, denote by Γ 1 (G; g 1 , g 2 ) the G-grading given by:
• For g, h ∈ G with h 2 = e = h, denote by Γ 2 (G; g, h) the G-grading given by:
Proposition 3.2. Any grading on K 3 × K 3 by the abelian group G is isomorphic to either Γ 1 (G; g 1 , g 2 ) or to Γ 2 (G; g, h) (for some g 1 , g 2 or g, h in G). Moreover, no grading of the first type (Γ 1 (G; g 1 , g 2 )) is isomorphic to a grading of the second type (Γ 2 (G; g, h)), and
if and only if the sets {g 1 , g
•
Proof. Any G-grading on J := K 3 × K 3 induces a G-grading on J0, which is isomorphic to F × F, and hence we are left with two cases:
(1) The grading on J0 is trivial, i.e., J0 is contained in the homogeneous component J e . Then, with W = (K 3 )1, both W ×0 = (a, 0)J1 and 0×W = (0, a)J1 are graded subspaces of J1. Hence we can take bases
} is a basis of J1 consisting of homogeneous elements. We can adjust v i , i = 1, 2, so that (
(2) The grading on J0 is not trivial. Then there is an element h ∈ G of order 2 such that deg(a, a) = e and deg(a, −a) = h. (Note that (a, a) is the unity element of J0 (≃ F × F), so it is always homogeneous of degree e.) As J0 = (J1) 2 , there are homogeneous elements (
The conditions for isomorphism are clear.
Any grading Γ 1 (G; g 1 , g 2 ) is a coarsening of the grading Γ 1 Z 2 ; (1, 0), (0, 1) , while any grading Γ 2 (G; g, h) is a coarsening of the grading Γ 2 Z× Z 2 ; (1,0), (0,1) , where Z 2 = Z/2Z. As an immediate consequence, we obtain the next result. In order to transfer these results to Kac's superalgebra K 10 , take into account that K 10 is generated by its odd part, as (K 10 )1 2 = (K 10 )0, so any grading is determined by its restriction to the odd part, and use the commutativity of the diagram
where the vertical arrows are given by the restrictions to the odd parts, and the bottom isomorphism is given by the natural identification W × W → (W ⊗ a) ⊕ (a ⊗ W ), (v, w) → v ⊗ a + a ⊗ w.
Thus Definition 3.1 transfers to K 10 as follows:
Definition 3.4. Given an abelian group G, consider the following G-gradings on K 10 :
• For g 1 , g 2 ∈ G, denote by Γ 1 K10 (G; g 1 , g 2 ) the G-grading determined by: deg(u ⊗ a) = g 1 = deg(v ⊗ a) −1 , deg(a ⊗ u) = g 2 = deg(a ⊗ v) −1 .
• For g, h ∈ G with h 2 = e = h, denote by Γ 2 K10 (G; g, h) the G-grading determined by:
And Proposition 3.2 and Corollary 3.3 are now transferred easily to K 10 :
